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Abstract. The reduction coefficients for the Kronecker products of irreducible representa- 
tions of line groups are needed to derive selection rules for various physical processes in 
polymers and quasi-one-dimensional solids, and in this paper they are  tabulated explicitly 
for all the line groups isogonal to dihedral point groups D, = C, + UC,. 

The selection rules obtained imply that the quasi-momentum, the quasi-angular momen- 
tum, and the parity with respect to the dihedral axis U are all conserved quantities, except 
that the quasi-angular momentum is increased by ph in Umklapp processes, in the case of 
a polymer with an np screw axis. 

1. introduction 

Electronic properties of polymers and quasi one-dimensional conductors are now the 
focus of intensive theoretical and experimental investigation and thus interest has 
arisen in studying their symmetry properties and in particular in deriving the selection 
rules for various physical processes in these systems (Damnjanovid et a1 1983, to be 
referred to as I). The task essentially consists of determining the reduction (or 
frequency) coefficients for the Kronecker products of the irreducible representations, 
reps (BoioviC et a1 1978) of the line groups involved. These coefficients have been 
tabulated for the line groups isogonal to the C,, C,,, Cnh and S 2 ,  point groups in I, 
where the method has also been described. Continuing this programme, in this paper 
we consider the next class of line groups-those isogonal to the point groups D, = 
C, + UC,, n = 1 ,2 , .  . . ,where C, is a rotation through 27r/n around the z axis, and 
U is a rotation through r around the x axis. The same method has been utilised as 
in I, but the present task is somewhat more difficult in view of the variety of special 
cases to be discussed. 

2. Results 

The line groups isogonal to D, are Ln2, n = 1,3 , .  . . and Ln22, n = 2 ,4 , ,  . . ; Ln,2, 
n = 3 , 5 ,  . . . and Ln,22, n = 2,4, . . . , where p = 1,2,  . . . , n - 1. For each of these line 
1 1  On leave of absence from Faculty of Science, University of Belgrade, Yugoslavia. 
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748 M DamnjanoviC, I BoioviC and N BoioviC 

groups we give (i) the character table, to introduce the rep symbols and to define the 
ranges of their quantum numbers, and (ii) the table of decompositions of the Kronecker 
products D O D ’ ,  for all pairs 0, D’ of reps of the group considered. Tables (ii) are 
triangular, in view of the fact that DOD’- D’OD. The length unit is chosen to 
coincide with the translational period, to simplify the notation; hence the first Brillouin 
zone is defined by k E (-n, T]. 

2.1. The symmorphic line groups Ln2, n = 1,3, . . . and Ln22, n = 2 , 4 ,  . . . 

Table 1. The characters of the reps of the line groups Ln2, n = 1,3,. . . and  Ln22, 
n = 2 , 4  , . . .  . Here s = O ,  1 , . . . ,  n - 1 ;  1 = 0 , * 1 ,  . . .  ; a = 2 r / n ;  k ~ ( 0 , ~ )  and m and w 
take on all the integral values from the intervals & l -  n), 4.1 and [ I ,  f ( n  - 113 respectively. 
The two-dimensional reps appear only for n L 3. 

“A: 1 
“E,” 2 cos( w s a )  

%A; (-1)l 
SE;” 2(-1)‘ cos( w s a )  

oA4‘ ( - 1 l S  
TAP.,’ ( - 1 ) Y  

- k  k E m  - m  2 cos( kt + msa) 

and only for n = 2q = 2 , 4 , .  . . 

f l  
0 
0 

0 
*(-l)[ 

*(-1y 
*( - ,),+[ 

As seen from table 2, the product DOD’ of two reps of Ln2 or Ln22 is in most cases 
again a rep of the group considered. However, the result may also be a sum of several 
reps, and furthermore it may vary with the quantum numbers of D and D’ in a 
non-uniform way. Hence these entries, ( 1 ) - ( 9 ,  are separately discussed below. 

(1) One has to distinguish 
w - w ‘ = O  or not. Let 

8={ w +  w’, 
n -  w -  wr, 

(notice that the largest value of 

.=( wr-w, 
w -  w’, 

Then 

here whether w +  w r  = q = i n  or not, and whether 

if w + w r ~ [ 2 , t ( n - 1 ) ]  
if w+w’E[$(n+I) ,  n-11, 

( 2 +  w’) is (n  -2) if n is even), and let 

if W - W ’ E [ $ ( ~ - ~ ) , - I ]  
if w - wr  E [I,  $(n - 3)]. 

if w + w ’ # q  and w #  w’ 
if w + w ’ # q  and w =  w’ 
if w + w ’ = q  and w f  w 
(only for n = 4 ,6 ,8 , .  . .) 
i f w + w ’ = q a n d  w = w ’  
(only for n =4 ,8 ,12 , .  . .). 
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Table 2. Decompositions of the Kronecker products of reps of Ln2 and Ln22. The reps 
oA,' and ,& appear only in the Ln22 line groups and the heavily framed part of the 
tables corresponds only to these groups. The entries (1)-(4) are described in the text, and 
entry (5 )  is specified in table 2(a).  

where 
A = x - k '  

s = q - w '  

if m' E [-4( n - I ) ,  01 
m ' - q  if m ' ~ [ 1 , 4 n ]  
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Table 2(a) (continued) and especially for k = k' =$rr. 

m + m '  m - m '  -:E;" @-:;E,m' 

t Only for n = 24 even. 
$ Only for n = 24 = 4 , s . .  . . . 

Here 4 = n / 2 ,  M = [ - n + l ,  n], M ,  = [ - n + l , n - 1 1 ,  M , = [ - n + l , - l ] U [ l ,  (n- 
1) /21U[(n+1) /2 ,  n-11. 

r L = k + k '  6 = 2 ?r - k - k' u z k - k '  

m + m ' + n ,  if m + m ' E [ - n + l ,  -4.1 

m + m ' - n ,  if m + m ' E [ + ( n + l ) , n ]  

m + m ' + n ,  if m + m ' E [ - n + l ,  - f ( n + l ) ]  
- m  - m ' ,  if m +m'E[-+(n - I ) ,  -13 
m + m ' ,  if m + m' E [ I ,  f(n - I ) ]  
n - m - m ' ,  if m + m ' E [ i ( n + l ) , n - l ]  

m - m ' + n ,  if m - m ' E  [-n + 1,  -4.1 
U =  m - m ' ,  if m-m'E[-+(n- l ) ,$n]  

m -  m ' -  n, if m - m'E [+(n+ I ) ,  n- 13 

m - m ' +  n, if m - m'E [-n + 1,  -+(U + I)] 
m ' - m ,  if m - m' E [-f(n - I ) ,  -13 
m - m ' ,  if m - m ' E [ l ,  f ( n - l ) ]  
m ' - m + n ,  if m - m ' E [ t ( n + l ) ,  n-11 

w =  m + m ' ,  if m + m ' E [ - + ( n - l ) ,  in] r 
i 

o=i 

( 2 )  -:ELm OoEiw'  =-:E,' +-:E,", where 

CL = { m +  w f ,  if m + w' E [4(3 - n), i n ]  
if m + w' E [&n + I ) ,  n - 11 m + w' - n, 

and 

if m - w' E [ I  - n, - i n ]  
if m -  w ' ~ [ i ( 1 - n ) , + ( n - 2 ) ] .  = I m -  - w', w' + n, 

(3) Special cases appear here when w + w' = q = i n  and when w - w' = 0, like in 
( 1 ) .  
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Let 8 and 7 be defined as in ( l ) ,  then 

TE;" OoE,W' 

,E Be + ,E ;7, 

, E 2  + A,+ +Ai, 
= ,A; + A; + ,E;', 

i f w + w ' # q a n d  W # W '  

if w + w ' # q  and w =  w' 
if w + w ' = q  and w f w '  
(only for n = 4,6,8,  . . .) 
if w + w ' = q  and w = w '  
(only for n =4 ,8 ,12 , .  . .). 

"'4; +,A; +,A,+ +Ai, 

if w -  m'E [ $ ( 2 -  n ) ,  i n ]  
if w - m'E [ $ ( n  + I ) ,  n - 11. 

1 
(4) ,E;"O-~:E~m'=-:E~' ,+-:E;" ,  where A = T -  k ' ,  /I is defined as in ( 2 ) ,  and 

.={ 
( 5 )  Depending on the values of k + k ' ,  k - k ' ,  m + m' and m - m ' ,  many special 

cases have to be distinguished of the decomposition of -;E ," 0 :::E i m '  ; to facilitate 
reference they are all tabulated separately, in table 2 ( a ) .  We assume that k 2 k ' ;  in 
the opposite case just interchange -:ELm and -:,EL*'. 

2.2. The non-symmorphic line groups L n s ,  n = 3,5, . . . , ana! LnpZ n = 2 , 4 ,  . . . , with 
p = l , .  . . , n - 1  

( 6 )  Special cases appear here if U' - w = g = - i p  and/or w + U' = h = $( n - p ) .  Let 

W'+U, 
n - p -  w'-  U ,  

if w' + U E [$( 1 - p ) ,  f( n - p  - I ) ]  
if w ' +  U E [ $ ( n  - p +  I ) ,  $ (2n  - p -  I)], P = {  

Table 3. The characters of the reps of the line groups Ln,2, n = 3,5,. . . , p = 1 , 2 , .  . , , n - 1 
and Ln,22, n = 2 , 4 , .  . . , p =  1 , 2 , .  . . , n - 1 .  For s, r, k, a, m and w see the caption of 
table 1 ;  U takesonall theintegralvaluesfrom theinterval[f(l-p),$(n-p-l)]; 8 = - p -  U 

if U E [i(l - p ) ,  i ( n -  2p- 11 and 13 = n - p -  U if U E [$( n - 2 p +  l ) ,  $(PI - p-  l)]. In the case 
of L2,22 there are no two-dimensional reps. 

rep (Ci  I t + sp /  n ) (UCi  I - I - sp/n) 

0.4,' 1 *1 
oE," 2 cos( wsa ) 0 

2 cos( kt + ksp/ n + msa) 
s: 2(-1)( cos[(u+$p)sa] 0 

0 - k  - m  k E  m 

and only for n = 29 = 2 , 4 , .  . , 

0.44' ( -1IS  * ( - 1 ) S  

and only for p = -2g = 2 , 4 ,  . . . 

4; (-1Y *(- l ) l  

and only for n - p  = 2h = 2 , 4 , .  . . 

?A; (-l)S+' *(-l)S+' 
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n even 

p even 

" - P  
even 

M Damnjanovic', I Boiovic' and N Boiovic' 

Table 4. Decomposition of Kronecker products of reps of Lnp2  and Ln,22. The reps ,,A: 
appear only when n = 2q is even, the reps OA; only when p = -2g is even, and the reps 
oA; only when n - p = 2 h  is even. For entries ( 1 )  and ( 2 )  see 82.1;  the entries (6 ) - (8 )  
are described in the text below, and the entry (9) in table . l (a ) .  

b = 4 ( 2 w ' - p )  
d = q - p  - U'  

h =4(n  - p )  s = q - w '  

c = f( n - p -  2 w ' )  
e = + ( 2 u ' + p )  

P g = -f f = f ( n  - p  - 2 0 ' )  

h = r - k '  

and where 

if m ' E [ l - q q ,  01 
if m ' ~ [ l , q ]  

and 

if U' - w E [$(I - n - p ) ,  - t ( p +  I)] 
if U' - w E [$( 1 - p ) ,  $( n - p -  I)], U' - w, 
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,,Ej + ,E$, 
A; + A h  + ai7 

<,E[+ =A; + A;, 

if U’-w#gand w + u ’ # h  
if u’-iv#g and w + u ’ = h  
(only for n - p = 2 , 4 , .  . .) 
if U’-w=gand w + u ‘ # h  
(only for p =  2 ,4 , .  . . , n -  1) 
if U’-w=g and w + u ’ = h  
(onlyfor n = 4 , 8 ,  . . . ,  and 

.A + ,Ah +A; +Ai, 

\ p = 2 , 4 , .  . . , n-2). 

then 

,E;” +,E;+, if u + u ’ + p # q a n d  U #  U’ 

,E;” +,A,+ +,A,, if u + u‘+p # q and u = U’ 
,A,+ +,A; +,E;+, if U +  u’+p = q and u # U’ 

(only for n = 4 ,6 , .  . .) 
,A: + + ,A,+ + ,A,, if u + u ’ + p = q a n d u = u ’  

(onlyforn=4,6,  ..., and 
q - p  = 2,4 , .  . .). 

(9) The possible special cases of the decomposition of -:E;m 0-::E-,71’ are given 
in table 4a. We assume that k 2 k’, as in ( 5 ) .  
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3. Discussions 

Since D, = C, + UC,, all the line groups considered in this paper are of the form 
Ln, + (LrlO)Ln, where p = 0,1 , .  . . , n - 1. The quantum numbers arising from Ln, 
symmetry are the quasi-momentum kh and the quasi-angular momentum mh (Boiovid 
et a1 1978). It is easily seen that (UlO) reverts both momenta, so that {e,(m, k) ,  A = 
1 , 2 , .  . .} = { ~ ~ ( - m ,  -k) ,  A = 1 , 2 , .  . .} and the energy eigenvalues can be labelled by 
the pairs {(k, m ) ,  (-k,  -m)}.  Let J, = k,+ k,, p = m,+m,, K = k,- k, and v =  m,-m,; 
then the selection rules derived in 0 2 in fact state that a matrix element ( f l u l i )  vanishes 
unless (kf, m f )  coincides either with one of the labels (4, p ) ,  (-$, - F )  or with one of 
the labels ( K ,  v), ( - K ,  -v). For symmorphic line groups Ln2 ( n  = 1 , 3 , .  . .) and Ln22 
( n  = 2 , 4 , .  . .) this implies that ( f l v l i )  = O  unless 

k, i k, = kj(mod 27r), m, * m, = mj(mod n ) .  

These conservation laws are valid also for non-symmorphic line groups Ln,2 ( n  = 
3,5,. . .) and Ln,22 ( n  = 2 , 4 , .  . .), where p = 1 , .  . . , n - 1, as long as one considers 
normal processes only. However, J, = k, + k, can fall outside the first Brillouin zone, 
in which case ( f l u l i )  describes an Umklapp process. The above conservation law is 
then modified: (fluli) = 0 unless 

k , +  k , - 2 r =  kf, m , + m , + p = m j ( m o d  n )  

or 

k, - k, = kj m, - mi = mj(mod n ) .  

Notice that in the Ln, groups and in their supergroups, (k, m )  is equivalent to 
(k  - 27r, m - p ) ,  and in this sense m is coupled to k, because rotations are coupled to 
(fractional) translations in these groups. 

Table 4(a). The entry (9) of table 4-the decompositions of -~E;,"'@-k?"'" k ,,, , with 
k E ( 0 ,  73, k ' e ( 0 ,  k )  and m , m ' E [ l , i n ] .  

k + k '  k - k '  m+m' m-m'  -;E ;," Q-;: E ;,!I' 
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Table 4(a). (continued) and especially for k = k' =+a. 

1 5 5  

-kE - m  @ ; , k ' ~  
m - m '  k m  

3: + ,E;' 
JE&+,A,'+,A, 
,$:+,A,'+,A; (only for n even) 
Ai + +,E;' ( p  even) 
,+4; + ,,4; + ,AA + ,A, ( i p  even) 
+4;++4A;+,A:+,A; ( n , p e v e n )  
+4; + ,+ti +,E ;' 
JA;;+,,AA,+,A,'+,A, ( f ( n - p )  even) 
4; +&At, +oA; +,A; 

( n  - p  even) 

( f n ,  i p  even) 

Here q = f n ,  g = - t p .  h = i ( n - p ) ,  M = [ - n + l , n ] ,  M , = M \ { n } ,  M 2 = M \ { - f n , t n , n } ,  
M 3 =  M\{ - jp ,  f ( p -  n ) ,  t ( n - p ) ,  f (2n - p ) } ,  @ = k + k ' ,  [ = 2 n -  k -  k ' ,  K = k -  k ' .  

m + m' + n, 

m + m' - n, 

- n  - m - m ' - p ,  

- m - m ' - p ,  

n - m - m ' - p,  
Z n - m - m ' - p ,  if m + m ' ~ [ f ( 3 n - 2 p + 1 ) ,  n ]  

if m + m ' E [ I - n , - f n ]  
if m + m E [+(I - n ) ,  i n ]  

if m + m ' E [ i ( n + l ) ,  n ]  
if m + m'E [ I -  n, - i ( n  +2p)]  

if m + m' E [f( 1 - n - 2 p ) ,  f ( n  -2p)]  
if m +  m ' E  [ f ( n - 2 p +  I ) ,  t ( 3n  -2p ) ]  

p =  m f m ' ,  

(only for p s t (  n - 2))  

1 
U=\  

I 
(only for p a f ( n + l ) )  

m + m' + n, 

- p - m - m ' ,  

n - p -  m - m ' ,  

m + m' - n, 

m - m ' +  n, 

m - m' - n, 

m - m ' +  n, 

if m + m ' E [ I - n ,  - + ( n + p + l ) ]  
if m + m' E [+(I - n - p ) ,  - f ( p +  I ) ]  
if m + m' E [ f ( l  - p ) ,  i ( n  - p -  I ) ]  
if m + m ' E [ t ( n - p + l ) ,  i ( 2 n  - p -  I ) ]  
if m + m ' ~ [ ; ( 2 n - p + 1 ) ,  n ]  

if m - m ' E [ l - n , - f n ]  
if m - m ' E [ f ( l - n ) , i n ]  
if m - m ' E [ + ( n + I ) ,  n - I ]  

if m - m ' E [ l ' n ,  - + ( n + l ) ]  
if m - m ' E [ i ( l - n ) ,  -11 
if m - m' E [ I ,  t ( n  - I ) ]  
if m - m ' E [ t ( n + l ) ,  n - I ]  

w =  m + m ' ,  

Y =  m - m ' ,  1 
m - m',  
m ' -  m + n, 

Next, in all the line groups considered here, for k = 0 and k = T, the eigenstates 
with non-chiral m (i.e. with m = 0 or, if n is even, with m = i n )  have well defined 
parity with respect to ( UlO), say 7 = + 1  for even states and 7 = -1 for odd states. 
Then ( f / v l i )  Z 0 requires that vf = 7"vi and in this sense the parity with respect to 
( UlO) is conserved, also. 

Finally, in addition to spatial (i.e. line-group) symmetry, the standard effective 
one-electron Hamiltonians utilised in quantum theory of polymers (AndrC 1980, 
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Kkrtesz et a1 1980, Karpfen 1982) are also invariant with respect to the time reversal 
8, and hence one has to consider the extended, grey line groups like LAn2=  
Ln2+  8Ln2, etc. Fortunately, the reps of line groups isogonal to D, are all (BoioviC 
and BoioviC 1981) of the Frobenius-Schur type (a), and hence such an extension does 
not affect the above selection rules. However, more complex Hamiltonians have been 
proposed also (Calais 1980, Kertgsz et al 1976, Kertksz et a1 1979), which go beyond 
the restricted Hartree-Fock description of electron band structures of polymers, and 
which in principle require the double-valued reps of the line groups to be considered. 

Acknowledgment 

IB and NB are grateful to Professors L M  Falicov and MHirsch for their kind 
hospitality, and for a generous financial support to the home institution, the CIES (a 
Fulbright award) and the NSF (Grant DMR 81-06494). 

References 

Andre J-M 1980 Adv .  Ouanr. Chem. 12 65-102 
BoioviC I and BoioviC N 1981 J.  Phys. A :  Math. Gen. 14 1925-34 
BoioviC I,  Vujifif M and Herbut F 1978 J.  Phys. A :  Math. Gen. 11 2133-47 
Calais J-L 1980 Recent Advances in the Quantum Theory of Po[ymers: Lecture Notes in Physics 113 ed J-M 

DamnjanoviC M, BoioviC I and BoioviC N 1983 J. Phys. A: Math. Gen. 16 3937 
Karpfen A 1982 Phys. Scr. T1 79-87 
Kerttsz M, Koller J and Azman A 1976 Phys. Rec. B 14 76-7 
- 1979 Phys. Rev. B 19 2034-40 
- 1980 Recent Advances in the Quantum Theory of Polymers: Lecture Notes in Physics 113 ed J-M 

Andre, J-L Bredas, J Delhalle, J Ladik, G Leroy and C Moser (Berlin: Springer) 

Andre, J-L Bredas, J Delhalle, J Ladik, G Leroy and C Moser (Berlin: Springer) 


